Most of theoretical predictions in the elementary particle physics are based on perturbation theory:
where g is a small coupling constant, {m 2 k } -masses of particles, {p j p k } -scalar products of external momenta p r .
To evaluate the coefficients M k , the so-called, Feynman diagram technique was proposed by Feynman 60 years ago.
To find contribution to M k one should draw Feynman diagrams appropriate to a given process. Each diagram may be a sum of millions of integrals with different powers of propagators, masses, scalar invariants.
By using recurrence relations these integrals are reducible to tens or hundreds of "basic integrals". "Basic integrals" are functions depending on several variables.
Many radiative corrections needed for comparison of theoretical predictions with experimental data expected from LHC correspond to diagrams with five and more external legs. In this case integrals are functions of 5-10 variables depending on physical kinematics.
Analytic as well as numeric evaluation of these integrals is very problematic.
analytic or fast precise calculation of integrals with several masses and kinematic variables is needed no regular methods for analytic continuation of integrals with several variables (scalar products, masses) to different kinematical regions A possible tool to solve these problems:
Functional equations
Functional equations for Feynman integrals -p. 4/40
General method
Feynman integrals satisfy recurrence relations (Petersson (1966), t'Hooft and Veltman (1972) , Chetyrkin and Tkachov (1981), Tarasov (1996) ). F.V. Tkachov, Phys.Lett. 100B (1981) 65; K.G. Chetyrkin and F.V. Tkachov, Nucl.Phys.192 (1981) 159. Basic idea of the methods: use the relation (t'Hooft , Veltman)
differentiate w.r.t. k, make substitutions:
or transform scalar products to integrals with shifted space-time
Functional equations for Feynman integrals -p. 6/40
As a result we obtain many relations connecting integrals with different powers of propagators. The general form of these relations:
where Q j , R k are polynomials in masses, scalar products of external momenta, dimension of space-time d, powers of propagators ν l .
I k,r are some integrals with r external legs.
In recurrence relation one can always arrange integrals according to the number of external legs, internal lines i.e. in fact according to the complexity of their calculation.
Functional equations for Feynman integrals -p. 7/40
General method for obtainig functional equations:
Remove integrals with n external legs (lines) by choosing scalar invariants, masses, d and ν j i.e. satisfy conditions:
and keep integrals with less number of external legs (lines), i.e:
In some cases not all of Q j can be made zero. However also in these cases functional equations do exist.
Functional equations for Feynman integrals -p. 8/40
One-loop n-point integrals Let's consider one-loop n-point integrals
p j external momentum flowing through j-th propagator with mass m j .
Functional equations for Feynman integrals -p. 9/40
One-loop n-point integrals
n satisfy the following generalized recurrence relation O.T. in Phys. Rev.D54 (1996) p.6479
Functional equations for Feynman integrals -p. 10/40
Functional equations for Feynman integrals -p. 11/40
Gram determinant G n−1 and modified Cayley determinant ∆ n are polynomials in s ij and masses m 2 j . To obtain functional equation we must choose s ij and m 2 j in such a way that
Functional equation for 1-loop propagator
There are two other solutions where λ = ± ∆ 12 + 4s 12 m 2 3 .
Functional equations for Feynman integrals -p. 15/40
These solutions give the following functional equation 
where f, g and h are arbitrary functions Proof: Making y = a in the equation and calling h(z) = H(a, z) and
and with r(y) = H(y, b) we have
and calling q(y) = h(b) − r(y) expression (1) integrals with different arguments as: Integral with arbitrary momentum and masses can be expressed in terms of integrals with one massless propagator!!! 
where
.
Substituting this expression for
) into functional equation we descover complete agreement with the known result for I where
on the r.h.s. has inverse argument. In fact this equation corresponds to the well known formula for analytic continuation:
Functional equations for Feynman integrals -p. 21/40
One-loop vertex integral
Consider the recurrence relation at n = 4 and j = 1 
This system can be solved with respect to s 14 , s 34 . In general case solutions of this system and also functional equations are rather lengthy. For this reason we consider simplified situation. We set from the very beginning m 2 4 = 0 and exclude term with ∂ 1 ∂ 2 ∆ 4 . 
Functional equations for Feynman integrals -p. 25/40
Substituting this solution into initial equation gives: 
Moreover, in the very initial equation one can set form the very beginning m 1 = m 3 = m 4 = 0 and s 24 = 0 and obtain functional equation: 
where F 1 is well known Appell's function. 
The integral I Functional equations for B(s, t) and D 2 (t, s)
By choosing remaining three variables one can either obtain a functional equation connecting the integral of interest with integrals which are easy to evaluate or to reduce the number of terms in the functional equation by requiring some derivatives ∂ i ∂ j ∆ 5 to be zero. The investigation of possible choices can be done on a computer.
The solutions of these equations and functional equations are rather lengthy. For this reason we consider simplified situation. We consider "basic integrals" needed for calculation of rather important radiative corrections required for LHC. Namely we consider integrals needed for the one-loop radiative corrections to the process e 
